We construct the system of generalized coherent states for the quantum Kepler problem corresponds to the homogeneous domain SU (2, 2)/S(U (2) × U (2)). We show that the phase space of classical Kepler problem may be obtained as a limiting passage in this homogeneous domain. We also show that under this passage the average values of quantum observables in this system of coherent states pass into the functions on classical phase space and −i/h times commutator pass into the Poisson bracket.
Introduction
The purpose of the present paper is the construction of symbol calculus for the Kepler problem, i.e. the rule which assigns to any quantum observable (i.e. the operator in the Hilbert space) a classical observable (i.e. the function over phase space) in such a way that the natural conditions of quantum-classical passage are satisfied. This means that the product of function is assigned to the product of operators and the Poisson bracket is assigned to the −i/h times commutator. The key idea of its construction is provided by the fact observed both in the physical [1, 2] and mathematical [3] and literature that we can naturally associate the homogeneous domain D = SU(2, 2)/S(U(2) × U(2)) with the representation of the SO(4, 2) group corresponds to the quantum Kepler problem (for the role of this group in the quantum Kepler problem see [4, 5] and references therein). In the present paper we show that the phase space of classical Kepler problem considered in [6, 7, 8, 9] may be obtained from the mentioned homogeneous domain via the appropriate limiting passage. Such a passage yields also the symbol map in the sense mentioned above if we assign to each quantum observable a function on D using the system of generalized coherent states (in the sense of [10] ) for the quantum Kepler problem. We also show that this system of coherent states may be easily constructed using the intertwining operators considered in [3, 12] . In the one-dimensional case of SO 0 (2, 1) the similar approach was developed in [11] .
Plan of the present paper is the following. In Sec.2 we construct the representations of SU(2, 2) correspond to quantum Kepler problem and construct the corresponding generalized coherent states. In Sec.3 we consider some properties of the momentum map generated by these coherent states. In Sec.4 we consider the quantum-classical passage on D, in Sec.5 we construct the corresponding symbol map and consider its properties. Finally, in Sec.6 we discuss the relation with the classical Kepler problem.
Indices run the following values: A, B, . . . = 0, . . . , 3, 5, 6; µ, ν, . . . = 0, . . . , 3. We usually drop the indices of 4-vectors, so x · y = x µ y µ .
2 Representations of SU (2, 2) and their coherent states
The SU(2, 2) group is a group of 4 × 4-matrices g obey the equalities det g = 1 and gσg † = σ,
It is well known [3, 12] that an arbitrary element of SU(2, 2) is a product of the following ones:
, where det a = det a † ,
and σ. Let (L, ·|· ) be the space of functions ψ :
Then it is well known [3, 12] that we can construct a representation
Consider the domain D in C 4 with coordinates z µ obey the inequalities ℑz 0 > 0, ℑz · ℑz > 0 and letẑ = σ · z, where σ µ = (1, σ) and σ are the Pauli matrices. Then it is well known [3, 12] that the action
It is well known [3, 12] that we can construct a representationT (g) of the SU(2, 2) group in the space O(D) of the functions F (z) holomorphic on D as
Unlike [11] , it does not belongs to the discrete series. Then it is well known [3, 12] that the intertwining operator Θ :
there exist. It has the form (Θψ)(z) = ψ|z , where |z = exp(iw †ẑ w).
We can prove (6) by the direct computation using (3). Then we can construct the system of generalized coherent states |z, CS ∈ L which has the definitive property [10] T (g)|z, CS = e iα(g,z) |z g , CS ,
where α ∈ R. Indeed, it is easy to show that
Due to the unitarity of T (g) we can rewrite (6) as
Using the above expression and (8) we obtain
where c 0 is chosen so that z, CS|z, CS = 1 for all z ∈ D. From here it follows that
It is easy to show that c 0 = π −1/2 . Coherent states previously constructed in [5, 2] are particular cases of the above coherent states.
Momentum map
Using (4) and (5) we can compute the infintesimal transformations corresponding toT (g), i.e. the basisL AB of representation dT of Lie algebra su(2, 2) ≈ so(4, 2), which has the form
where h > 0, and obey the commutation relations of the Lie algebra so(4, 2):
where C EF AB|CD are structure constants and η AB = diag(+1, −1, . . . , −1, +1). We also writẽ
where κ µ AB , τ AB are the functions on z. The corresponding basis in dT we denote by L AB . It obey the same commutation relations asL AB . For the finite transformations it imply
where Λ B A are the SO(4, 2) matrices:
Let A be the arbitrary operator in L. We denote its average value in the system of generalized coherent states by S(A)(z) = z, CS|A|z, CS .
SinceL AB is holomorphic, then using (13) and (9) we obtain
Then using (10) we finally obtain
where
It is well known that we can define a Kähler metrics on D as
It is easy to prove that the above metrics is SU(2, 2)-invariant. Then we can define an invariant symplectic 2-form
Using the above symplectic form we can define a SU(2, 2)-invariant Poisson bracket
It is easy to show that Ω = dX A ∧ dY A , so S(L AB ) under the above Poisson bracket form the same algebra as L AB under the Lie one:
4 Classical phase space
Let f (h) = f (h)(z) be a function on R + × D and we denote
where γ h (x µ , y, ξ) = z with y µ and ξ defined above, and we assume that the corresponding limit exists. We say what two functions are equivalent in the classical limit,
Then S(L AB ) ≈ −2iξκ AB · ℑz. Since y · y = hξ, it is easily seen that
and so S(L AB ) ! are the functions onto R 3,1 ×V + ∋ (x µ , y µ ) only, where V + = {y : y 0 > 0, y ·y = 0} is the future light cone. Denote the action of SU(2, 2) over
It is easily seen that (x g , y g ) is defined for almost all (x, y) and g and does not depends on ξ. So R 3,1 × V + is a local SU(2, 2)-space. Then considering the transformation properties of X ! A , Y ! A under the subgroups (1) and σ, it is easy to show that S(L AB )
! is still an equivariant momentum map from R 3,1 × V + to su(2, 2) * :
It is easy to show that the degenerate 2-form Ω
It is easy to show that
where α ∈ R. Then we can choose the set of equivalence classes as
Due to the equivariance of S(L AB ) ! the equivalence relation ∼ is equivariant and so
is an equivariant momentum map from R 3,1 × V + / ∼ to su(2, 2) * . Then using (12) and (20) we can write its equivariance
where ( x, y) → ( x g , y g ) is the action of SU(2, 2) over
It is easy to show that Ω ! depends on the equivalence classes only, then the restriction of −Ω ! onto R 3,1 × V + / ∼, which we denote by ω, is SU(2, 2)-invariant. It is easy to show that
Then similarly to (17) we obtain
Symbol calculus
Consider operators in L of the form
and letÃ be the corresponding operator in O(D), i.e.Ã = n i=1L A i B i . Since κ AB , τ AB and all of their derivatives with respect to z µ are regular in the classical limit, then using the same arguments as in (14) we have
(26) Using (11) we analogously have
where (p) in
denotes the absence of p-th multiplier.
Let f (x, y) be a function on R 3,1 × V + . Since y µ = ξℑz µ , then expanding f (x, ξℑ z) into the power series on ξ, we can define the transformation
If f (x, ξℑ z) is a polynomial on ξ [as in eq. (29) below], then we can rewrite Υ(f ) in the closed form:
For an arbitrary operator A of the form (25) define its classical symbol
It is obvious that (A † )( x, y) = A( x, y).
From (23) and (26) we obtain
i.e the map A → A( x, y) is SU(2, 2)-equivariant. Then from (24), (26),(27) we obtain (AB)( x, y) = A( x, y)B( x, y),
It is obvious that this symbol map is linear, so it can be extended to all polynomials on L AB . However, it is easily seen that this set is too large for the symbol map to be injective. The set of operators on which the symbol map is injective requires a further investigation.
Relation with the classical Kepler problem
It is well known that the local group of conformal transformations of the Minkowski space R 3,1
is SO(4, 2) and R 3,1 may be represented as a projective null cone in R 4,2 . Choose galilean coordinate system x µ in R 3,1 and choose the representative X A = X A (x), X A X A = 0 in each projective equivalency class. Denote by x → x g the local action of SO(4, 2) over R 3,1 , then
Then we can introduce the conformally SO(4, 2)-invariant metric on R 3,1 :
Let y µ be coordinates in the fibers of fiber bundle
of nonvanishing covectors over
where (g −1 ) µν is the matrix inverse to g µν , so X A Y A = 0. Following [9] , consider the momentum map from (T * R) ′ to so(4, 2) * :
It is easy to show that it is invariant under the changing of representatives in projective equivalency classes
and locally SO(4, 2)-equivariant due to (32):
. Following [9] , consider the subbundle of null covectors in (T * R 3,1 ) ′ :
which is locally SO(4, 2)-invariant due to the conformal invariance of g µν . The corresponding momentum map we denote by L(x, y). It is easily seen that R 3,1 × V + and T * 0 R 3,1 coincide as the subsets in R 3,1 × R 3,1 . Taking X A in the form (18) and substituting it into (34) we see that Y A takes the form (19). So the corresponding momentum maps coincide too. Then if we define the equivalence relation on T * 0 R 3,1 as (21), then it takes the same the form (22) as for R 3,1 × V + . So R 3,1 × V + / ∼ and T * 0 R 3,1 / ∼ coincide as the local SO(4, 2)-spaces. Indeed, the equivariance of L( x, y) uniquely determines ( x g , y g ) by ( x, y) since the function L AB ( x, y) separates the points in both the cases. It is obvious that T * 0 R 3,1 / ∼ = T + R 3 , the fiber bundle of nonzero vectors over R 3 . To within the single point of a base it coincides with the phase space of regularized Kepler problem T + S 3 considered in [6, 7, 8, 9] . This point corresponds to the conformal compactification of R 3 , regularizes the classical Kepler problem and provides global SO(4, 2)-invariance of the corresponding fiber bundle. So, in the classical limit we obtain the nonregularized Kepler problem only.
